A theoretical study has been carried out to analyse the behaviour of the structural components used with a modern spoked bicycle wheel when loaded at the hub axle and supported at the rim. The work has involved developing some general equations for calculating the contributions which the axially loaded spokes and the bending flexure of the rim make to hub displacement and hence hub-to-rim wheel stiffness. The work considers the effect which the spoke tightening preload has on the distribution of load throughout the wheel and also the influence it has on wheel stiffness. The developed theory has been applied to some modern racing cycle wheels which have just a few spokes and use a relatively rigid, part tubular cross-section rim. Such designs are evaluated, using actual mechanical properties, and their behaviour is discussed against more traditional multi-spoke wheel designs which have relatively much more flexible rims. The theory has been compared with the results obtained from experimentally load testing a bicycle wheel using 12 and 18 spoke variants.
INTRODUCTION
Although the wheel has been around for millennia and the bicycle wheel for over a century, there are still radical changes being made to the design of the modern spoked bicycle wheel [1] .
A consequence of the long existence, development, and design refinement of the bicycle wheel with preloaded spokes is an abundance of technical literature and this is well documented historically in Gordon [2] . However, despite the quantity of published papers, those which have specifically developed theory for mathematically quantifying the individual contributions which the rim, spokes, and hub make to the wheel as a complete structure are not common. Much of the published work tends either to philosophize about how the wheel actually functions as a system of parts or, alternatively, to report upon experimental results obtained from some prescribed tests. This first point is illustrated by the statement made by Burgoyne and Dilmaghanian [3] that 'its behaviour (meaning the spoked wheel) is not clearly understood; perhaps that does not matter, since it works'. Also, in Bicycle Science by Gordon [2] , on page 389, the following statement appears 'the hub of a bicycle's wheel does not hang from the upper spokes', but actual calculations which determine the tensile or compressive loads supported by the upper and by the lower spokes are not found. A few lines before the same author states that 'wheel mechanics has been mythologized for decades'.
Because of this it is very difficult to make a fair and comprehensive reference list of the numerous contributions which have been made seeking to give an understanding of the bicycle wheel as a functioning structure. Even acclaimed work, like that of Burgoyne and Dilmaghanian [3] attracts criticism as found in the discussion given by Papadopoulos [4] , which starts by pointing out a list errors of historical precedence before commenting on technical matters.
Another point common with many published papers dealing with prestressed wheels is their empiricism as typically they are based on experimental tests. Among the work that warrants mentioning is the work by Brandt [5] , who explains how a spoked rim behaves when loaded laterally. Also worthy is that by the previously mentioned Burgoyne and Dilmaghanian [3] who applied in-plane loads on the axle of the wheel to study experimentally its response.
In recent times finite-element analysis (FEA) has been increasingly used to analyse the wheel notably by Gavin [6] , among others. Nevertheless, these FEA modelled the rim as consisting of straight elements between spoke positions and their results are mostly descriptive and do not allow to establish well founded relationships between the different variables which contribute to determining the behaviour and strength of the spoked wheel.
As for the theoretical analyses of the bicycle wheel, they are truly scarce and insufficient. Sharp [7] , by means of the polygon of forces, related the spoke tension to rim compression in the case of an unloaded wheel. By the way, as a previous step, direct calculations to get that result analytically in equation (4) were developed.
In this respect Gordon [2] pointed out that 'perhaps the only valid quantitative analysis of lateral load is that presented by Pippard [8] , which is densely mathematical'.
However, some years before Pippard and Francis [9, 10] and Pippard and White [11] had contributed to the analysis and understanding of light wheels for aircraft, which have certain similarities with the bicycle wheel. Nevertheless, their main concern was the behaviour of the spokes and their tension, for which they produced continuous functions in a complicated way.
In brief, the bicycle wheel represents a very complex structure and its complexity derives from several facts, such as the considerable number of components, the different spoke patterns, the various loadings it has to respond to, as well as the different ways it may be deflected under that variety of loads. All of it is very well described by Brandt [5] . That is why it is nearly impossible to establish a general model for the bicycle wheel that may be valid for any requirement.
In this context the aim of this work is to build, as a first approach, an analytical simplified model, to better understand the combined action of the spokes and of the rim together and the behaviour of the bicycle wheel as a whole. Then some calculations will lead to determine the contributions of both the rim and the spokes to the radial stiffness of the wheel, as well as the pretension needed by the spokes and the maximum tension they will have to support.
Such a theoretical analysis, besides yielding some numerical results, will enable a meaningful relationship among the defining parameters of the wheel to be realized thereby leading to an improvement of the structural design.
Racing cycle wheels, as used in the Tour de France for example, have changed substantially from the multi-spoke wheels with open cross-section wheel rims as used on the traditional racing bike [12] [13] [14] . Leading bicycle wheel manufacturers, such as Mavic and Shimano, have developed wheels which efficiently use few metal spokes that attach to wheel rims which comprise part closed and open cross-sections. Modern materials, such as carbon fibre, and developments in forming techniques have resulted in wheels manufactured as single items, effectively having even fewer spokes, and such wheels are widely used in speed racing on velodrome circuits.
The requirements of a modern bicycle wheel are many. The wheel must transfer the weight of the cyclist (via the frame, forks, and axle) radially from the wheel hub to the rim and thus to the ground (via the tyre). In order to achieve traction, and thus wheel rotation, torsion must be transmitted from the chain sprocket (attached to the hub) to overcome rolling resistance at the tyre (which fits within the rim). In addition, a wheel must be sufficient strong to withstand shock loads when riding over bumpy terrain and withstand cornering loads [2] . Also the rim must run true and the spokes play a major role in achieving this together with the selection of appropriate materials [15] .
Understanding how a spoked wheel works is clearly essential but perhaps not immediately obvious as pretensioning of the spokes is fundamental to a wheel functioning efficiently, as shown by Dietrich [16, 17] . Without pretightening of the spokes, for example, the weight would only be supported by those spokes in tension as the spokes in the lower half of the wheel would be in compression and, because of the slender shape of a spoke, it means that they will buckle rather than support any appreciable compressive load.
Traditionally, wheels have used many spokes and this is because the open section rim lacked rigidity and would distort too much if the spacing between successive spokes were large [5] . However, modern rims are much more rigid in bending and torsion because of the part closed cross-section and so fewer spokes can be used, according to Hed and Haug [18] and Muraoka et al. [19] . An optimum design, therefore, seeks a compromise between acceptable rim and spoke strength and stiffness [2] .
For this purpose FEAs can be used to good effect to model a wheel assembly and also mechanical tests exist confirming performance [20] . Nevertheless, there are advantages also in taking an analytical approach [21] as the significance of the many variables can more readily be seen. Thus the primary objective of the current paper is to establish an analytical procedure for studying the combined behaviour of the spokes and the rim of a wheel under radial load. This is carried out in terms of the major defining parameters, and for determining the radial stiffness of an ideal spoked wheel.
IDEALIZED WHEEL GEOMETRY
The following analysis is based on an ideal spoked wheel as shown in Fig. 1 . The wheel consists of the circumferential rim, the hub, and a number of spokes, N which connect the rim to the hubeffectively secured as pin jointed connections.
Before the wheel is mounted the rim has a radius R 0 and the spokes have a length L 0 .
Once the spokes are secured at the rim and the hub and tightened with a pretension T, the rim is subjected to a hoop compression C, whereas their dimensions become, respectively, L and R.
The width of the hub is 2d and so the angle, g between the centre axis is given by
To determine the wheel radial stiffness a downward load P is applied at the hub and this is reacted by an equal force, P at the rim location where the rim contacts with the ground. The deformation of the wheel is the shortening of the distance between the hub and the contact point of the rim with the floor.
SPOKE PRETENSION LOAD EQUILIBRIUM
Consider radial force equilibrium for half a wheel whereby all spokes are pre-tensioned with tensile load, T and C is the circumferential rim force (Fig. 2) .
For N number of spokes (and with the top spoke aligned with vertical datum) the equilibrium condition for the half wheel is
cos u i (2) in which the sum is extended over all the spokes anchored to the half rim. Thus, if the total number of spokes of the wheel is N, the number of spokes per angle unit is N/2p and the sum may be evaluated as follows
This approximation is accurate for most practical cases, for example, if there are 16 spokes, the summation has a value of 5.027, whereas the N/p approximation gives 5.093 indicating an error of just 1.3 per cent. Consequently, the hoop compression of the rim caused by the pretension of the spokes is
From equation (4) the relationship between the extension of the spokes DL due to their pretension T and the contraction of the radius rR of the wheel Effectively, L 0 being the original length of a spoke, E S the modulus of elasticity and A S its cross-section,
and the radius of the wheel rim, with a cross-section A R and a modulus of elasticity E R , will be reduced by an amount
Then
As the rim cross-sectional area is typically about 30 times greater than the spoke cross-sectional area, because the rim is usually made from an aluminium alloy whereas the spokes are from steel, in the case of a wheel having 16 spokes and taking cosg ¼ 0.97 means that
Equations (7) and (8) describe the stiffness of the wheel rim with respect to the spoke tension and indicates that the variation of the radius of the rim and the extension of the spokes are of the same order of magnitude.
However, this reducing of the radius of the rim must not be accounted for when analysing the stiffness of the wheel, for it takes place when the wheel is being built, previously to its use and loading. Nevertheless, it was studied to illustrate how the spokes and the rim become a joint structure.
THE WHEEL UNDER LOAD
When a downward load P is applied at the hub and this is reacted by an equal force, P at the rim contact with the ground, the wheel experiences a deformation, as shown in Fig. 3 , which is to be analysed. Figure 3 shows the hub loaded with only two spokes shown for clarity, one in each of the upper and lower half parts of the rim. However, the calculations will account for all spokes.
Subjected to the reaction force, P and to the tensions of the spokes under the hub, the lower half part of the rim bends and the vertical diameter shortens an amount b ¼ bR. This reduction of the diameter length is absorbed by both the top and the bottom spokes. In Fig. 3 the fraction of the length reduction absorbed by the top spoke is named a ¼ aR and so the length of the top spoke becomes R(12a), while the new length of the bottom spoke is R(1þa2b).
This means that, when the load P is applied and reacted by the floor, all of the upper spokes reduce in length to L i and the tension, already caused by the pre-tightening T, is reduced to T i due to the length reduction. Also the lower spokes reduce in length to L j and the tension reduces to T j .
The shortening of the distance between the hub and the contact point of the rim with the floor is an amount b2a ¼ R(b2a), as will be used when calculating the radial stiffness of the wheel.
UPPER SPOKES
From Fig. 3 , it can be written that the total elongation of every spoke over the hub, when the wheel is loaded, is
Combining equation (9) with (5), gives the new tension in the upper spokes the following value The resultant upward force exerted by all the upper spokes on the hub is
and accounting for equation (3) and similarly
having substituted R/L 0 ¼ cos g.
LOWER SPOKES
The deflected lower half part of the rim becomes a curve, with an horizontal semi-axis R and a vertical semi-axis R(1þa2b) (Fig. 3 ). The shape of this curve determines the length a spoke an angle d j at the right of the vertical semi-axis acquires. For this purpose, it is assumed that the length of the spokes varies in arithmetical progression from the bottom spoke with a length
around to the horizontal spoke with a length R, and so the length of an intermediate spoke is given by
whereby the coefficient c j is straightforwardly calculated in each case. For example, if a 16 spoke wheel is considered, these coefficients, in each symmetric side, are valued c j ¼ 1:00, 0:75, 0:50, 0:25, and 0:00 (16) for the respective angles
Therefore, the elongation of any of these spokes with respect to its natural length is
where T j is the tension a spoke is subjected to when the wheel is loaded. This, combined with equation (5), gives the following new value for the tension of the lower spokes
again having considered R/L 0 ¼ cos g. Then, the resultant downward force exerted by all the lower spokes on the hub is
having used the result of equation (3). For a 16 spoke wheel, taking the values (16) and (17) into equation (20) yields the result
If a 12 spoke wheel is considered, the coefficients c j are valued c j ¼ 1:00, 0:67, 0:33, and 0:00 (22) for the respective angles
, and 3p 6 (23) and equation (20) gives the result
Having postulated such a deflection state for the loaded wheel that the length of the successive radii follows an arithmetical progression from the bottom vertical semi-axis [R(12b þ a)] to the horizontal ones [R], has the advantage of being a very simple option, which facilitates the subsequent calculations, whereas the error with respect to any more accurate solution is very small. Effectively, the relative error is limited by 1 r 4b2a, which is of the order of 0.1 per cent, as will be found out later.
HUB EQUILIBRIUM
When the load P is applied on the hub it is supported by all the spokes. Therefore, considering hub equilibrium leads to the following equation
and, by substituting M and Q from equations (13) and (21), for a wheel with N ¼ 16 spokes, it yields
Similar calculations, by using equations (13) and (24), give the following result for a wheel with N ¼ 12 spokes
Finally, in the same way the following equation can be derived for a wheel rim with N¼18 spokes
Equations (26), (27a), and (27b) are a relationship between the load and the deformation it causes on the geometry of the wheel in each case.
Since equations (26), (27a), and (27b) are derived from the equilibrium of the hub, on which only the spokes and the load P are acting, only the characteristics of the spokes and their geometry intervene in such equations.
It is evident that the deformation of the wheel is the result of the deflection of both the spokes and the rim and these two systems are not independent.
In order to know the deformation of the wheel described by the two ratios a and b, another equation is needed and this is going to be deduced from the analysis of the deflection of the lower half part of the rim.
These two equations will constitute the compatibility condition between the spokes and the rim.
RIM BENDING
The bending of the lower half part of the rim, when the wheel is loaded, gives way to the reduction of the vertical diameter and to the shortening of the distance between the hub and the contact point of the wheel with the floor (see Fig. 3 ).
This part of the rim is supported by the upper half and is subjected to the tensions T j of the spokes anchored to it and to the reaction of the floor P, as represented in Fig. 3 .
Then the deflection b(¼bR) of the rim at the lowest point may be calculated by deriving the strain energy of the bent half part of the rim using Castiglianov 's theorem [22, 23] . Furthermore, for reasons of symmetry, bending of the semi circular half rim is going to be studied by considering only a quarter of the wheel rim, as shown in Fig. 4 , supported at section A and which supports half the reaction of the floor P/2 ¼ P 0 , half the tension of the bottom spoke T 1 /2 and the other tensions T j of the spokes anchored to it, and the hoop compression C 0 as well as the bending moment M 0 exerted by the rest of the wheel rim at the base.
Consequently, the upright deflection b at the base of the rim is obtained using Castiglianov ' s theorem from
where U is the strain energy of a quarter of the rim. The strain energy stored in a quarter of the rim can be calculated [22, 23] from where M is the bending moment in each portion of the rim and I R its moment of inertia, and the integration is computed between the limits of the quarter rim pR/2. This calculation can readily be performed for a wheel having N number of spokes for the following conditions.
1. The quarter of the circle is divided into N/4 segments ( Fig. 4) with spokes specified from the bottom (as 1, 2, . . . , j, etc) each having an arc length 2pR/N between consecutive spokes. 2. In each segment the bending moment value M j is taken to be the value at the central point.
Based on these assumptions the strain energy for the quarter of the rim can be expressed as
In this simplified expression, every moment M j can be written as
from Fig. 4 , and thus equation (30) represents the total strain energy of the quarter of the rim as a function of the external loads P 0 , C 0 and the spoke tensions T j and of the external couple M 0
This now enables Castigliano's theorem to be applied. Effectively, the upright deflection at the lowest point of the rim will be given by
whereas the horizontal deflection and the angular rotation at this point, which must be null for symmetry reasons, will be given by
and
Now, if each bending moment M j is substituted from equation (31) and the tension of every spoke is taken as T j ¼ T j (T, a, b) from equation (19), the last three equations (33) to (35) allow to write a relationship between the load P, the spoke pretension T and the deformation ratios a and b, as follows
in which it is obvious that also the rim characteristics and its geometry intervene. The two equations (26) and (36), if a wheel with 16 spokes is considered, and (27a) and (36), for a wheel with 12 spokes, analytically link the behaviour of the spokes and the behaviour of the rim and lead to the calculation of the displacement ratios of the wheel a and b as functions of the spoke pretension T and of the external load P
Once values (37) are known, the radial stiffness of the wheel may be readily determined. Furthermore, these relationships also enable the required spoke pre-tension and the maximum spoke tension to be calculated.
To illustrate the practical significance of the developed theory described it is now applied to two specific cases for comparison purposes.
SIXTEEN-SPOKE WHEEL RIM
In this section the displacement b(¼bR) of the contact point of the rim with the floor due to bending of the lower half of the rim, is calculated for a wheel having N ¼ 16 spokes. This typical example shows the effect which the different variables have on the wheel stiffness.
The bending moments around the rim and at the midway positions between successive spoke attachment points for the respective arc portions between consecutive spokes of the considered quarter wheel, as shown in Fig. 4 , are as follows
Substituting the partial derivative forms of equations (38) into equation (33) gives the rim displacement b(¼bR) and from this can be obtained the rim displacement ratio
In addition, equations (34) and (35) reduce to
Now, with N¼16 and substituting every T j from equation (19) , equations (38) are transformed as follows
Accounting for these values equations (40) and (41) represent a simple system
from which the hoop compression C 0 and the bending moment M 0 are directly obtained in terms of the load P 0 ¼ P/2 and of the pretension of the spokes T as follows
Substituting these values into equations (42) gives
Finally, by substituting the values of the local bending moment equations (46) into expression (39) and P 0 ¼ P/2, the compatibility condition between the spokes and the rim derived from the deformation of the rim is given by
Equations (26) and (47) represent the full compatibility condition between the spokes and the rim for a wheel with 16 spokes. As said before, they may be used to calculate the displacement of both the hub centre and also the contact position of the rim with the floor. Effectively, once the deflection factors a and b are calculated, the radial wheel stiffness, according to Fig. 3 , is given by
Furthermore, determining a and b enables the minimum required spoke pretension and the maximum tension to be established.
PRETENSION OF THE SPOKES
It is important to recognize that the developed theory assumes that spokes always remain in tension. This is because a spoke is incapable of supporting a significant compressive load due to its high slenderness (that is length to diameter ratio) thus making it prone to buckle. This means that it would have been incorrect to have assumed that a spoke could support any appreciable compressive load and so it means that spokes effectively must remain in tension. This leads to the requirement that the magnitude of the pretension load must be sufficient to always keep a spoke in tension despite the rotational wheel position.
Therefore, the tension of the spokes, as given by equation (10) when they are above the hub, and by equation (19) when they are below the hub, needs to always be positive. This means that their minimum pretension is conditioned by both
having considered that both cos u i and c j maximum values are the unity.
MAXIMUM SPOKE TENSION
When the wheel rotates such that a spoke passes directly over the hub its initial pretension T is relaxed to T i , according to equation (10) , whereas, when the spoke passes directly under the hub the pretension relaxes to T j , according to equation (19) . In any case, the maximum tension the spokes are going to be subjected to is the pretension they need not to experiment any compression, and takes place in all the spokes when the wheel is unloaded and, if the wheel is under load, when the spokes are in horizontal position.
PRACTICAL APPLICATIONS
It is interesting to apply the developed theory using data from some actual wheels so that the significance of individual parameter contributions can be seen. The examples considered are taken from Chandler [1] and correspond to three commercially available wheel models, namely the Mavic Open Pro, the Shimano WH-6500, and the Rolf Vector Pro as shown in Fig. 5 . It can be seen that although they have similar cross-sectional areas (within 15 per cent of each other) their moments of inertia vary more than two fold. According to this, the values attributed to the second moments of area of their cross sections are, respectively, 2000, 3000, and 4000 mm 4 .
Although the actual wheels are fitted with different numbers of spokes and with different mounting arrangements, in this work the three rims were assumed to have 16 spokes with a length equal to the radius of the rim, L ¼ R ¼ 350 mm (cos g % 1), according to the idealised model of Fig. 1 . In this way the results enable direct comparisons to be made. Also, in the three cases the rim material was aluminium alloy (E R ¼ 70 GN/m 2 ), whereas the spokes are made from steel (E S ¼ 200 GN/m 2 ). The diameter of the spokes in all cases is taken as 2 mm (A S ¼ p mm 2 ).
Using the above data, equations (26) and (47) yield the values of the displacement ratios a and b for the different cases as shown in Table 1 . This table also shows the hub-to-rim relative difference of the displacement ratio (b2a) and this is used to work out the spoke pretension and also the wheel hub-to-rim stiffness.
Effectively, as for the minimum pretension needed for the spokes, to maintain them always in tension, once the hub and rim displacement ratios a and b are known, equations (49) and (50) enable it to be calculated. The values that appear in Table 2 correspond to the most demanding of the two equations in each case and are given relative to the load applied on the hub.
Equation (48) can then be used to calculate the radial stiffness. The values are also shown in Table 2 . 
TWELVE-AND EIGHTEEN-SPOKE WHEEL RIMS
It is of interest to compare the results obtained for a 16 spoke wheel with other alternatives and both a 12 spoke wheel and an 18 spoke wheel are chosen. Thus that a direct comparison can be made, the same structural properties are used and in developing equivalent equations to (47) the following expressions result
for a rim with 12 spokes, and
for a rim with 18 spokes. Equation (51a), together with equation (27a), constitute the compatibility condition for a wheel with 12 spokes, whereas equations (51b) and (27b) do the same for a wheel with 18 spokes. In the two cases they enable the hub and rim displacement ratios a and b, respectively, to be determined for the different rim models. Results are summarized in Table 1 .
The spoke pretension needed and the stiffness of the three wheel rims are calculated and given in Table 2 together with the results obtained before for the same rims with 16 spokes.
EXPERIMENTAL VALIDATION OF THE THEORY
In order to verify the accuracy of the proposed analysis a representative bicycle wheel was load tested in a laboratory testing machine to obtain its radial stiffness. The experiments were carried out using an Inston 3369 10 kN bench top testing machine. A Rigida wheel was used for the tests and is shown in Fig. 6 . It has a rim diameter (measured between the inner rim positions) of 610 mm; the spokes being 283 mm long. The rim material is made using aluminium alloy with a modulus E R ¼70 GN/m 2 . The rim cross-section is represented by CAD drawing in Fig. 7 from which the cross-section area is calculated to be 84 mm 2 and the position of the centroid is located 4.5 mm from the inner edge. The second moment of area of the rim cross-section about the neutral axis was calculated to be 1460 mm 4 . The wheel was initially tested using 12 steel spokes (E S ¼200 GN/m 2 ) radial mounted and with equal 308 angular spacing. The load was progressively applied via specially prepared mock forks and the corresponding axle displacement was recorded. The test was repeated with the wheel respoked using 18 radial mounted spokes at 208 angular intervals. Substituting the load displacement data into equations (27a) and (51a) gives a radial stiffness of 1043 N/ mm for the rim with 12 spokes, whereas equations (27b) and (51b) yield a stiffness of 1237 N/mm if it is mounted with 18 spokes. Then the radial deflection, that is the shortening of the distance between the hub and the contact point of the rim with the supporting surface, was represented for every value of the load, the corresponding graphs being digitally provided by the Inston machine.
During initial loading there was a clear sign of settlement which is thought to be bedding-in of the spokes and so has not been interpreted as affecting the steady state stiffness. Following this a stabilized, near straight line occurred for the load versus radial deflection behaviour, as shown in Figs 8 and 9 .
The axle load/displacement results obtained from testing the 12 and 18 spoke wheel variants are presented in Figs 8 and 9. From these curves the respective stiffnesses, which are the average slope of the diagrams, were found to be 935 N/mm for the 12 spoke wheel and 1155 N/mm for the 18 spoke wheel. The significance of these results is analysed and discussed later.
GENERAL DISCUSSION
Although this analytical study is not exhaustive, the developed theory has established some important findings regarding the contributions made by the rim and the spokes to the structural behaviour of a wheel.
Primarily in this work two primary equations are derived which enable the wheel hub and rim displacements to be calculated under the action of an in-plane Fig. 7 Cross-section of the rim with the neutral axis hub load. These equations mean that the hub-to-rim radial stiffness can be calculated for a specific wheel using rim section properties (bending), the number of spokes, their tension properties and their pretension load. These equations effectively calculate the so called hub and rim displacement ratios, which have been called a and b, respectively. From these ratios, the hub and rim displacements can readily be obtained by multiplying them with the wheel radius and hence their difference leads to the hub-to-rim wheel stiffness. Also these ratios allow the calculation of the pretension in the spokes necessary to ensure they remain in tension under the hub load.
The properties needed for the analysis are the moment of inertia of the rim and the cross-sectional area of the spokes, as well as the modular ratio of both materials. For the numerical comparative study, three different wheels are used; ones manufactured by Mavic, Shimano, and Rolf Vector and their crosssections are shown in Fig. 5 . Wheel designs have been considered using 12, 16, and 18 spoke variants and in Table 1 the hub, rim, and relative difference displacement factors are presented for all wheel variants considered.
From the first reading of Table 1 it is seen that all the displacement factors depend on the load P but are independent of the spoke pretension T, as long as the pretension be sufficient so that the spokes keep in tension at all times. As a consequence of the linearity of a and b with respect to the load P, the pretension the spokes require is proportional to P as well, whereas the stiffness of the wheel is a constant in each case.
In Table 2 the spoke pretension loads are presented as quantities of the hub load and also hub-to-rim stiffnesses are given for all the wheel variants considered. It is seen how varying the number of spokes and the flexural strength of the rim influence the behaviour of the wheel.
It is significant that the wheel with the greatest second moment of area, the Rolf Vector Pro, even with only 12 spokes, has a rim-to-hub wheel stiffness higher than the other two with 18 spokes. Compared to the Shimano WH-6500, the Rolf Vector Pro wheel stiffness has increased in proportion to the rim I R section, although the cross-sectional areas are similar. This implies that the bending stiffness of the rim is relevant even when compared to the axial stiffness of the spokes. The opposite happens with the Mavic Open Pro, a more traditional, multi-spoke wheel which has a relatively low rim stiffness (typically having an open cross-section and small I R ), and this relative flexibility of the rim dominates the overall wheel stiffness compared to the stiff spoke contribution, the result being a weaker wheel.
The current study also shows that the wheel distortion under an axial load is the result of the behaviour of both the pre-tensioned spokes and the rim (Fig. 3) and it is described by the two displacement ratio parameters a and b and by their difference b2a. The wheel distortion actually consists of the bending of the rim combined with the relaxation of the pretensioned spokes it causes. This explains why increasing the bending rigidity of the rim enables a lower pretension of the spokes. Effectively, if the bending of the bottom part of the rim is reduced, the relaxation of the spokes is also reduced and so they do not need as high a pretension to remain in tension. This effect is demonstrated numerically in all cases, when dealing with 12, 16, and 18 spoke wheels, as shown in Table 2 .
Regarding the number of spokes used, reducing their number can bring about some important consequences. It has been shown analytically that reducing the number of pretensioned spokes acting on the rim increases the difference b2a ( Table 1) . As a consequence, the fewer the number of spokes used the lower the wheel stiffness ( Table 2 ) and this is supported by the experimental tests. What is happening can be explained by considering what occurs as the load is applied at the hub and is supported by the spokes. If these are less in magnitude their tension needs to be greater. Furthermore, as spoke tension increases so the bending of the rim increases and the stiffness of the wheel is reduced.
In summary, the stiffness of a spoked wheel is helped by the number of spokes as well as by the rigidity of the rim. It is interesting to observe from Table 2 how the analysis has produced very coherent and consistent results which fit logically with the experimentally obtained wheel stiffness values. Effectively, it shows quantitatively how, the higher the number of spokes and the stiffer the rim, the higher the wheel stiffness and the lower the pretension needed by the spokes.
However, in this respect the table also indicates that when the rim bending stiffness increases, the benefit of adding more spokes reduces. Conversely, if the rim stiffness is lower the more influential becomes the number of spokes.
In a similar way, it is also proved that the higher the number of spokes, the lower the influence that rim stiffness has. This clearly shows that the design of a spoked wheel must be a compromise between strengthening the rim and the number of spokes used. In fact, modern optimal wheel design is moving towards wheels having much stiffer rim cross sections with fewer spokes. Both actions help to save material and so lighten the wheel, which is very important. However, for the radial stiffness of such wheels (which have a wider spoke angular spacing) to compare with traditional multi-spoke wheels, it is only possible when the rim cross-section is much stiffer in bending.
Effectively, in modern bicycle design reducing the number of spokes is considered desirable as long as the wheel remains true and stable, therefore, the rim bending stiffness becomes of critical importance. This trend is possible due to improved manufacturing techniques for rim sections and the development of new materials for spokes enabling them to support higher tensions. However, the rim moment of inertia cannot be increased indefinitely and there exists a limit to lowering the number of pretensioned spokes. Thus a compromise is necessary for an optimum design to be achieved. When looking for such a compromise, it is important to have an analytical approach that can be implemented to work out the result of the combination of a certain rim with a variable number of spokes.
Finally, as for the experimental validation of the theoretical analysis, the stiffnesses calculated are close to the experimental values in the two cases, the deviation being 1043 À 935 1043 % 10%
for the 12 spoke rim, and 1237 À 1155 1237 % 7%
for the 18 spoke rim. However, more important than the absolute value of the stiffness is the fact that the analysis can help advise, in advance, quantitatively about the benefit of increasing the number of spokes for any particular rim.
CONCLUSIONS
This work provides an analytical procedure, which has been developed to help understand and study at a first approach level, the combined contribution which the rim and the spokes make in determining the radial stiffness of a bicycle wheel. The proposed procedure has been found to be both accurate and easy to apply.
This analytical study has helped to quantify how the tightened spokes and the rim, when assembled with a hub to form a wheel, interact and work together when supporting a hub load.
The work has considered the bending properties of the rim, the number of spokes used and the effect of spoke tightening preload on the wheel stiffness. It has confirmed that spoke pretension is an essential part of achieving an efficient wheel and the developed theory has enabled the minimum possible magnitude of this pretension to be determined so that spokes always remain in tension throughout the wheel rotation cycle. This is the most convenient condition for the stability and strength of the wheel.
It was found that to achieve an optimum wheel design necessitates making a compromise between maximizing rim cross-section bending stiffness (which permits greater distance between successive spokes) and having fewer spokes. Because there are many spoke and rim defining parameters, many having conflicting effects, achieving an optimum wheel is a complex process and so analytical equations have been developed to help simplify the design optimization process.
Finally, it is found that the theory developed is of general value and can therefore be applied to wheel designs having different numbers of spokes and rim section. shortening of the vertical diameter due to rim bending C circumferential rim compression E R modulus of elasticity of the rim E S modulus of elasticity of the spokes I R moment of inertia of the rim cross-section L spoke length M bending moment on the rim cross-section N number of spokes P downward load at the hub P 0 half downward load at the hub R rim radius T spoke tension U strain energy of a quarter of the rim 2d hub width a length reduction of the top spoke to rim radius ratio b
shortening of the vertical diameter to rim radius ratio g spoke -rim plane angle d j spoke -bottom radius angle u i spoke -top radius angle
